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For the distance of (1,1)-splittings of a knot in a closed orientable 3-manifold, it is an
important problem whether a (1,1)-knot can admit (1,1)-splittings of different distances.
In this paper, we give one-parameter families of hyperbolic (1,1)-knots such that each
(1,1)-knot admits a Dehn surgery yielding the 3-sphere. It is remarkable that such knots
are the ﬁrst concrete examples each of whose (1,1)-splittings is of distance three.
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1. Introduction
A knot K in a closed orientable 3-manifold M is called a (1,1)-knot if (M, K ) = (V1, t1) ∪P (V2, t2), where (V1, V2; P )
is a genus one Heegaard splitting and ti is a trivial arc in Vi (i = 1,2). (An arc t properly embedded in a solid torus V is
said to be trivial if there is a disk D in V with t ⊂ ∂D and ∂D \ t ⊂ ∂V .) Set Wi = (Vi, ti) (i = 1,2). We call the triplet
(W1,W2; P ) a (1,1)-splitting of (M, K ). We regard P as a torus with two speciﬁed points P ∩ K .
It is known that (1,1)-knots are very important in the study of Dehn surgery. What knots in the 3-sphere S3 admit
Dehn surgeries yielding lens spaces? This problem is still open and it is expected that Berge’s list [1] would be complete.
It is also conjectured that if a lens space L(p,q) comes from a Dehn surgery on a knot in S3, then its dual knot in L(p,q)
would be a (1,1)-knot.
The second author deﬁned in [19] the distance of a (1,1)-splitting as a complexity of (1,1)-splittings. This is obtained
by applying Hempel’s distance [11] for Heegaard splittings of closed 3-manifolds. It is known that there is close relationship
between geometrical and topological properties of the exterior of (1,1)-knots and the distance of a (1,1)-splitting (cf. [18–
21]). The following is one of the fundamental questions.
Question 1.1. Is it possible that a (1,1)-knot admits (1,1)-splittings of different distances?
It has been essentially proven that Question 1.1 is negative for the trivial knot [10], the 2-bridge knots [12], the torus
knots [9,13] and the knots with essential tori in their exteriors [19]. On the other hand, there are no examples giving
a positive answer on Question 1.1. We will recall the deﬁnition of the distance of a (1,1)-splitting and some results in
Section 3.
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In this paper, we study a relationship between Dehn surgeries and the distance. In particular, we focus on longitudinal
surgeries on hyperbolic (1,1)-knots yielding S3, and obtain a lower bound and an upper bound on the distance of (1,1)-
splittings of such (1,1)-knots. We also give one-parameter families of hyperbolic (1,1)-knots such that each (1,1)-knot
admits a Dehn surgery yielding S3. It is remarkable that such knots are the ﬁrst concrete examples each of whose (1,1)-
splittings is of distance three. This implies that these examples also give a negative answer on Question 1.1. We notice that
such families are also interesting examples on study of Dehn surgery (see Section 5).
2. Preliminaries
Let B be a sub-manifold of a manifold A. The notation η(B; A) denotes a regular neighborhood of B in A. By E(B; A),
we mean the exterior of B in A, i.e., E(B; A) = cl(A \ η(B; A)).
For two curves x and y in a surface, which is a connected compact 2-manifold, the notation (x, y) denotes the number
of transverse intersection points. Let F be a torus and F ′ the surface obtained from F by removing two points. A loop in
F ′ is said to be inessential in F ′ if it bounds a disk containing at most a single puncture. Otherwise, a loop in F ′ is said
to be essential in F ′ . An essential loop in F ′ is called an ε-loop if it is essential in F , i.e., it does not cut off a disk from
F . Otherwise, an essential loop in F ′ is called an ι-loop. We notice that an ι-loop in F ′ cuts off a disk with the punctures
from F ′ .
Let V be a solid torus and t a trivial arc in V , and set W = (V , t). An ε-disk in W is a disk properly embedded in V \ t
whose boundary is an ε-loop in ∂V \ ∂t . It is proven that an ε-disk in W is unique up to isotopy (cf. [19, Lemma 3.4]). An
ι-disk in W is a disk properly embedded in V \ t whose boundary is an ι-loop in ∂V \ ∂t .
Let K be a (1,1)-knot in a closed 3-manifold M and (W1,W2; P ) a (1,1)-splitting of (M, K ) with Wi = (Vi, ti) (i = 1,2).
Recall that Vi is a solid torus and ti is a trivial arc in Vi . Let Ei be an ε-disk in Wi (i = 1,2). A (1,1)-splitting (W1,W2; P )
is said to be monotone if the following holds: if ∂E1 and ∂E2 are oriented, then the signed intersection points of ∂E1 and
∂E2 have the same sign.
A doubly primitive knot in S3, which is introduced by Berge [1] is a simple closed curve isotopic onto the genus two
Heegaard surface of S3 so that it represents free generators of the fundamental groups of the two handlebodies giving
the genus two Heegaard splitting of S3. It is proven in [1] that any doubly primitive knot admits a longitudinal surgery
yielding a lens space, where a longitude means a curve on the boundary of the knot exterior dual to the meridian of the
knot. Moreover, he has shown that its dual knot in the obtained lens space, which will be denoted by K (L(p,q);u), is
constructed as follows (see also [22, Section 6]).
Deﬁnition 2.1. Let V1 be a regular neighborhood of a trivial knot in S3, m a meridian of V1 and  a longitude of V1 such
that  bounds a disk in cl(S3 \ V1). We ﬁx an orientation of m and  as illustrated in Fig. 1. By attaching a solid torus V2
to V1 so that m is isotopic to a representative of p[] + q[m] in ∂V1, where [·] means a homology class, we obtain a lens
space L(p,q), where p and q are coprime integers with p > 0, and m is a meridian of V2. The intersection points of m and
m are labeled P0, . . . , P p−1 successively along the positive direction of m. Let D1 (D2 resp.) is a meridian disk of V1 (V2
resp.) bounded by m (m resp.), and let tui (i = 1,2) be a simple arc in Di joining P0 to Pu (u = 1,2, . . . , p − 1). Then the
notation K (L(p,q);u) denotes the knot tu1 ∪ tu2 in L(p,q) (cf. Fig. 1).
Remark 2.2. We notice that K (L(p,q);u) is a (1,1)-knot in L(p,q), particularly is a so-called 1-bridge braid. We also
notice that for any p, q and u, K (L(p,q);u) does not always admit a Dehn surgery yielding S3. A concrete example is
K (L(22,3);5) shown in [22, Comments 5.4]. It follows from the cyclic surgery theorem [4] that if K (L(p,q);u) is the dual
knot of a non-torus doubly primitive knot, then K (L(p,q);u) admits a longitudinal surgery yielding S3.
Set Wi = (Vi, tui ) (i = 1,2), where Vi and tui are those in Deﬁnition 2.1. Then the pair of W1 and W2 gives a (1,1)-
splitting of K = K (L(p,q);u) which is monotone. In Deﬁnition 2.1, let t′u (resp. t′u) be a projection of tu (resp. tu) on P with1 2 1 2
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t′u1 ⊂ ∂D1 (resp. t′u2 ⊂ ∂D2). Set t′′u1 = cl(∂D1 \ t′u1 ) and t′′u2 = cl(∂D2 \ t′u2 ). There are four projections of K = K (L(p,q);u):
t′u1 ∪ t′u2 , t′u1 ∪ t′′u2 , t′′u1 ∪ t′u2 and t′′u1 ∪ t′′u2 , and these are called monotone projections of K with respect to P . We remark that
the following holds which is essentially proven in [1].
Lemma 2.3. ([1], [24, Lemmas 4.1 and 4.2]) Set K = K (L(p,q);u) and let (W1,W2; P ) be a (1,1)-splitting of (L(p,q), K ). If K
admits a longitudinal surgery yielding S3 , then there is a monotone projection of K with respect to P .
We now prepare the following notations.
Deﬁnition 2.4. Let p and q be a coprime pair of integers with p > 0. Let {u j}1 jp be the ﬁnite sequence such that
0  u j < p and u j ≡ jq (mod p). For an integer u with 0 < u < p, Ψp,q(u) denotes the integer satisfying Ψp,q(u) · q ≡
u (mod p) and Φp,q(u) denotes the number of elements of the following set (possibly, the empty set):{
u j
∣∣ 1 j < Ψp,q(u), u j < u}.
Also, Φ˜p,q(u) denotes the following:
Φ˜p,q(u) = min
{
Φp,q(u),Φp,q(u) − Ψp,q(u) + p − u,Ψp,q(u) − Φp,q(u) − 1,u − Φp,q(u) − 1
}
.
We remark that Φ˜p,q(u) corresponds to a minimal self-intersection number among the four monotone projections of K
with respect to P . Though K admits several representations (cf. [24, Proposition 4.5]), it is proven in that Φ˜p,q(u) is an
invariant for K if K admits a longitudinal surgery yielding S3 (cf. [24, Corollary 4.6]).
Deﬁnition 2.5. Set K = K (L(p,q);u) and suppose that K admits a longitudinal surgery yielding S3. Then Φ˜p,q(u) is denoted
by Φ(K ).
We use the notations in Deﬁnition 2.1. Let D1 (resp. D2) be a meridian disk of V1 (resp. V2) with ∂D1 = m and
(∂D1, ∂D2) = p. Let t′u1 (resp. t′u2 ) be the arc in ∂D1 (resp. ∂D2) whose initial point is P0 and whose endpoint is Pu
passing in the positive direction of m (resp. ). Then t′u1 (resp. t′u2 ) is called a positive projection of tu1 (resp. tu2 ). Set
V ′1 = V1 ∪ η(tu2 ; V2), V ′2 = cl(V2 \ η(tu2 ; V2)) and S ′ = ∂V ′1 = ∂V ′2. Then (V ′1, V ′2; S ′) is a genus two Heegaard splitting of
M = L(p,q). Let D ′2 ⊂ (D2 ∩ V ′2) be a meridian disk of V ′2 with ∂D ′2 ⊃ (t′u2 ∩ S ′). Let m′ be a meridian of K = tu1 ∪ tu2 in the
annulus S ′ ∩ ∂η(tu2 ; V2). Let ′ be an essential loop in S ′ which is a union of t′u1 ∩ S ′ and an essential arc in the annulus
S ′ ∩ ∂η(tu2 ; V2) disjoint from ∂D ′2 (cf. Fig. 2).
Let m∗ be a meridian of K in ∂η(K ; V ′1) and ∗ a longitude of ∂η(K ; V ′1) such that ′ ∪ ∗ bounds an annulus in
cl(V ′1 \ η(K ; V ′1)). The loops m∗ and ∗ are oriented as illustrated in Fig. 2. Then {[m∗], [∗]} is a basis of H1(∂η(K ; V ′1);Z).
Let V ′′1 be a genus two handlebody obtained from cl(V ′1 \ η(K ; V ′1)) by attaching a solid torus V so that the boundary of
a meridian disk of V is identiﬁed with a loop represented by r[m∗] + s[∗]. Set M ′ = V ′′1 ∪S ′ V ′2. Then we say that M ′ is
obtained by (r/s)∗-surgery on K . We notice that (r/s)∗-surgery is longitudinal if and only if r/s is an integer. A core loop of
V in M ′ is called the dual knot of K in M ′ .
3. Distance of a (1,1)-splitting
Let K be a (1,1)-knot in a closed orientable 3-manifold M and (W1,W2; P ) a (1,1)-splitting of (M, K ) with Wi = (Vi, ti)
(i = 1,2), where Vi is a solid torus and ti is a trivial arc in Vi . The distance of a (1,1)-splitting (W1,W2; P ) is deﬁned
by using the curve complex of the twice punctured torus P \ K . (For a connected orientable surface S of genus g with
n punctures, the curve complex C(S) of S is the complex whose k-simplices are the isotopy classes of k + 1 collections of
mutually non-isotopic essential loops in S which can be realized disjointly.) For [x] and [y], vertices of C(P \ K ), the distance
A. Cavicchioli, T. Saito / Topology and its Applications 159 (2012) 1074–1084 1077d([x], [y]) between [x] and [y] is deﬁned to be the minimal number of 1-simplices among all simplicial paths joining [x] to
[y]. Let K(Wi) (i = 1,2) be the maximal subcomplex of C(P \ K ) consisting of simplices 〈[c0], [c1], . . . , [ck]〉 such that the
loops corresponding to the vertices [c0], [c1], . . . , [ck] bound mutually disjoint disks in Vi \ ti .
We deﬁne the distance of a (1,1)-splitting (W1,W2; P ) by
d(W1,W2) = d
(K(W1),K(W2))
= min
{
d
([x], [y]) ∣∣∣ [x]: a vertex in K(W1)[y]: a vertex inK(W2)
}
.
The following is proven in [19].
Theorem 3.1. ([19, Theorems 2.2–2.4]) Let K be a (1,1)-knot in M and (W1,W2; P ) a (1,1)-splitting of (M, K ).
(1) d(W1,W2) = 0 if and only if K is a trivial knot.
(2) d(W1,W2) = 1 if and only if K is a core knot in S2 × S1 .
(3) If d(W1,W2) 2, then one of the following holds:
(a) K is a 2-bridge knot in S3 ,
(b) K is a torus knot,
(c) E(K ;M) contains an essential torus, and
(d) K = K (α,β; r) for some α, β ∈ Z and r ∈ Q ∪ {1/0}.
Conversely, if K satisﬁes one of the conditions (a), (b) and (c), then d(W1,W2) 2 for any (1,1)-splitting of (M, K ).
Here, K (α,β; r) is a knot obtained by the following construction. Let K1 ∪ K2 be a 2-bridge link of type (α,β). Then
K (α,β; r) denotes the knot K2 in K1(r), where K1(r) is the manifold obtained by r-surgery on K1 (cf. [17, Chapter 9]). By
an argument similar to that in Section 1 of [14], we can see that K (α,β; r) is a (1,1)-knot in K1(r) for any 2-bridge link
and surgery coeﬃcient r.
We remark the following which has been essentially proven in [15].
Lemma 3.2. Set K = K (α,β; r) for some α, β and r. If K admits a Dehn surgery yielding S3 , then K is a torus knot.
Proof. We notice that the exterior of K = K (α,β; r) is obtained from the exterior of the 2-bridge link of type (α,β) by
ﬁlling a single solid torus. Hence if K admits a Dehn surgery yielding S3, then the 2-bridge link of type (α,β) also admits a
Dehn surgery yielding S3. It is shown in [15, Theorems 2 and 3] that any closed 3-manifold obtained by a non-trivial Dehn
surgery on a 2-bridge link is not homeomorphic to S3 unless the 2-bridge link is a torus link. This implies that if K admits
a Dehn surgery yielding S3, then K is a torus knot. 
4. Distance and the 3-sphere surgery
Theorem 4.1. Set K = K (L(p,q);u) and let (W1,W2; P ) be a (1,1)-splitting of (L(p,q), K ). Suppose that K admits a longitudinal
surgery yielding S3 . Then the following holds.
(1) K is hyperbolic if and only if d(W1,W2) 3.
(2) If K is a non-torus knot, then d(W1,W2)Φ(K ) + 1.
Proof. We ﬁrst prove the conclusion (1). It follows from Theorem 3.1 together with [19, Corollary 2.6] that if d(W1,W2) 3,
then K is hyperbolic. Suppose that K is hyperbolic and d(W1,W2) 2. Then it follows from Theorem 3.1 that K = K (α,β; r)
for some α, β and r. It also follows from Lemma 3.2 that K is a torus knot, because we suppose that K admits a Dehn
surgery yielding S3. This contradicts the fact that K is hyperbolic and hence we have the conclusion (1).
We next prove the conclusion (2). Since K admits a longitudinal surgery yielding S3, it follows from Lemma 2.3 that
there is a monotone projection of K with respect to P . Recall that Wi = (Vi, ti) (i = 1,2), where Vi is a solid torus and ti
is a trivial arc in Vi . Let γ1 (resp. γ2) be a monotone projection of t1 (resp. t2) such that γ1 ∪ γ2 gives the value Φ(K ).
Since the argument is symmetric, we give a proof in the case that both γ1 and γ2 are positive projections of t1 and t2,
respectively. Set x = ∂η(γ1; P ) and y = ∂η(γ2; P ). Then it is easy to see that x (resp. y) is an ι-loop on P which bounds an
ι-disk in W1 (resp. W2). Let [x] and [y] be the vertex of the curve complex C(P \ K ) corresponding to x and y, respectively.
Since we suppose that K is a non-torus knot, it follows from [24, Theorem 1.3] that Φ(K ) 1, i.e. the interior of γ1 is not
disjoint from that of γ2. Let N1 be the set of the subscripts of the labeled intersection points of γ1 and the interior of γ2.
Let ν(1) be the integer which is minimal among the elements of N1. Let γ (1)1 (resp. γ (1)2 ) be the subarc of γ1 (resp. γ2)
which joins P0 to Pν(1) . Let z1 be a copy of γ
(1)
1 ∪ γ (1)2 such that z1 is disjoint from γ (1)1 ∪ y as illustrated in Fig. 3. We
notice that z1 is an ε-loop on P with z1 ∩ y = ∅ and |z1 ∩ γ1|  Φ(K ) − 1. Suppose that |z1 ∩ γ1| = 0. Then this implies
that z1 ∩ (x ∪ y) = ∅. Since we assume that Φ(K ) 1, we see that d(W1,W2) d([x], [y]) 2 Φ(K ) + 1 and hence we
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1 ∪ γ (1)2 which is disjoint from γ (1)1 ∪ y.
Fig. 4. The loop z2 is obtained from z1 by sliding z1 ∩ η(P ′ν(2); ∂V1).
have the desired conclusion. Hence we may assume that |z1 ∩ γ1| > 0, i.e., Φ(K ) 2. Let N2 be the set of the subscripts of
the labeled intersection points of γ1 and the interior of γ
(1)
2 . Let ν(2) be the integer which is minimal among the elements
of N2. Let P ′ν(2) be the copy of Pν(2) which lies both on γ1 and on z1. Let γ (2)1 (resp. γ (2)2 ) be the subarc of γ1 (resp. γ2)
which joins P0 to P ′ν(2) (resp. Pν(2)). We notice that the interior of γ
(2)
1 intersects z1 only at the point P
′
ν(2) . Let z2 be
a loop obtained from z1 by sliding z1 ∩ η(P ′ν(2); ∂V1) along the disk η(γ (2)1 ; ∂V1) so that |z2 ∩ γ1| = |z1 ∩ γ1| − 1. We
further isotope z2 slightly so that z2 ∩ z1 = ∅ (cf. Fig. 4). Suppose that |z2 ∩ γ1| = 0. Then this implies that z2 ∩ (x∪ z1) = ∅.
Since z1 ∩ y = ∅, we see that d(W1,W2) d([x], [y]) 3. Moreover, since we assume that Φ(K ) 2, we have the desired
conclusion. Hence we may assume that |z2 ∩ γ1| > 0. Let P ′ν(3) be the copy of Pν(3) which lies both on γ1 and on z2. Let
N3 be the set of the subscripts of the labeled intersection points of γ1 and the interior of γ (2)2 . Let ν(3) be the integer
which is minimal among the elements of N3. Let γ (3)1 (resp. γ (3)2 ) be the subarc of γ1 (resp. γ2) which joins P0 to P ′ν(3)
(resp. Pν(3)). We notice that the interior of γ
(3)
1 intersects z2 only at the point P
′
ν(3) . Let z3 be a loop obtained from z2 by
sliding z2 ∩ η(P ′ν(3); ∂V1) along the disk η(γ (3)1 ; ∂V1) so that |z3 ∩ γ1| = |z2 ∩ γ1| − 1. We further isotope z3 slightly so that
z3 ∩ z2 = ∅. If |z3 ∩ γ1| = 0, then z3 ∩ (x∪ z2) = ∅. Since z2 ∩ z1 = ∅ and z1 ∩ y = ∅, we see that d(W1,W2) d([x], [y]) 4.
Moreover, since we assume that Φ(K )  3, we have the desired conclusion. Suppose that |z3 ∩ γ1| > 0. Then by repeating
this operation, we can ﬁnd a sequence of loops {zi}1i j which satisﬁes the following properties: (1) each zi is an ε-loop
on P ; (2) z1 is disjoint from y; (3) zi+1 is disjoint from zi ; and (4) z j is disjoint from x. This sequence {zi}1i j implies
that d(W1,W2)  d([x], [y])  j + 1. Moreover, it follows from the operation above that j  Φ(K ). Hence we have the
conclusion (2). This completes the proof of Theorem 4.1. 
As a corollary of Theorem 4.1, we have the following result:
Corollary 4.2. Set K = K (L(p,q);u) and let (W1,W2; P ) be a (1,1)-splitting of (L(p,q), K ). Suppose that K admits a longitudinal
surgery yielding S3 . If Φ(K ) = 2, then d(W1,W2) = 3.
Proof. Since Φ(K ) = 2, it follows from [24, Theorem 1.3] that K is a hyperbolic knot. Then the conclusion (1) of Theorem 4.1
shows that d(W1,W2)  3. On the other hand, the conclusion (2) of Theorem 4.1 shows that d(W1,W2)  3. Hence we
have d(W1,W2) = 3. 
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In this section, we give one-parameter families of hyperbolic (1,1)-knots which admit Dehn surgeries yielding S3.
5.1. Demonstration
In Deﬁnition 2.4, set p = 18 and q = 5. Then we have the ﬁnite sequence:
{u j}1 j18: 5,10,15,2,7,12,17,4,9,14,1,6,11,16,3,8,13,0.
Hence we see that Ψ18,5(7) = 5 and Φ˜18,5(7) = Φ18,5(7) = 2.
Set K = K (L(p,q);u) = K (L(18,5);7). We use the same notations as above and in Deﬁnition 2.1. Then we can regard
∂D2 as a (18,5)-curve on ∂V1. When one follows ∂D2 from P0 in the positive direction of , ∂D2 intersects ∂D1 in the
following order:
(P0 →)Pu1 → Pu2 → ·· · → Pu17 → Pu18 .
Recall that t′u1 (resp. t′u2 ) is the positive projection of tu1 (resp. tu2 ). Then Ψp,q(u) = Ψ18,5(7) represents the number of
intersection points between ∂E1 and t′u2 and Φp,q(u) = Φ18,5(7) represents the number of intersection points between t′u1
and the interior of t′u2 .
We next calculate the fundamental group of M̂ = E(K ; L(18,5)). By the argument above, we see that (S ′; {∂E1},
{∂E2, ∂D ′2}) gives a Heegaard diagram of E(K ; L(18,5)). Set x1 = ∂E1, y1 = ∂E2 and y2 = ∂D ′2. Then we see that π1(M̂) has
the following presentation:
π1(M̂) ∼= 〈y1, y2 | x1 = 1〉.
By using the sequence {u j}1 j18, we see
π1(M̂) ∼= 〈y1, y2 | x1 = 1〉
∼= 〈y1, y2 ∣∣ y1 y2 y31 y2 y41 y2 y31 y2 y1 y2 y31 y2 y31 y2 = 1〉.
We ﬁnally consider 0∗-surgery on K . Let M(0) be the 3-manifold obtained by 0∗-surgery on K . Let D ′1 be a meridian
disk of V ′1 with D ′1 ⊃ D and set x2 = ∂D ′1. Then we see
π1
(
M(0)
) ∼= 〈x1, x2 | y1 = 1, y2 = 1〉
∼=
〈
x1, x2
∣∣∣ x1x2x31x2x41x2x31x2x1x2x31x2x31x2 = 1
x1x2x31x2x1 = 1
〉
∼= 〈x1, x1x2 | x1 = 1, x1x2 = 1〉.
Since the Poincaré conjecture is true, we see that M(0) is homeomorphic to S3. Moreover, since Φ(K ) = Φ˜18,5(7) = 2, it
follows from Corollary 4.2 that any (1,1)-splitting of (L(18,5), K ) is of distance three.
We remark that K ⊂ L(18,5) is the dual knot of the (−2,3,7)-pretzel knot.
5.2. One-parameter family {Kn}
By using an argument similar to the above, we show that
Kn := K
(
L(25n + 18,7n + 5);10n + 7) (n ∈ Z0)
admits a Dehn surgery yielding S3 and that the (1,1)-splittings of Kn are of distance three. We ﬁrst show that Kn admits a
Dehn surgery yielding S3.
Proposition 5.1. The fundamental group of the exterior M̂n of Kn in L(25n + 18,7n + 5) has the following presentation:
π1(M̂n) ∼=
〈
x, y
∣∣ (x2 y2x)3n+2(xy−1)n+1 = 1〉.
Proof. By [23, Corollary 5.2] and induction on n, we get that the fundamental group of M̂n admits the following presenta-
tion:
π1(M̂n) ∼=
〈
b, c
∣∣∣ [(cb)cc(cb)ccc(cb)cc(cb)(cb)cc(cb)cc(cb)]{[(cb)cc(cb)cc(cb)][(cb)cc(cb)ccc(cb)cc(cb)(cb)cc(cb)cc(cb)]}n = 1
〉
∼=
〈
b, c
∣∣∣ [cbc3bc4bc3bcb(c3b)2]{[cb(c3b)2][cbc3bc4bc3bcb(c3b)2]}n = 1
〉
.
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for the fundamental group of M̂n:
π1(M̂n) ∼=
〈
x, y
∣∣∣ [xy2x2 y−1x2 y2x2][xy2x3 y2x2 y−1x2 y2x2]n = 1
〉
∼=
〈
x, y
∣∣∣ [xy2x2 y−1x2 y2x2][x−2 y−2x−2x2 y2x2xy2x3 y2x2 y−1x2 y2x2]n = 1
〉
∼=
〈
x, y
∣∣∣ x2 y2x2[xy2x2 y−1][x2 y2x3 y2x3 y2x2 y−1]n = 1
〉
∼=
〈
x, y
∣∣∣ x3 y2x3 y2x2 y−1[x−1x3 y2x3 y2x3 y2x2 y−1x−1x]n = x
〉
∼= 〈x, y ∣∣ (x3 y2)2x2 y−1x−1[(x3 y2)3x2 y−1x−1]n = 1〉
∼= 〈x, y ∣∣ (x3 y2)3x2 y−1x−1[(x3 y2)3x2 y−1x−1]n = x3 y2〉
∼= 〈x, y ∣∣ x3 y2 = [(x3 y2)3x2 y−1x−1]n+1〉.
Now the element x3 y2 commutes with (x3 y2)3x2 y−1x−1. So we get:
π1(M̂n) ∼=
〈
x, y
∣∣ x3 y2(x3 y2)3x2 y−1x−1 = (x3 y2)3x2 y−1x−1x3 y2〉
∼= 〈x, y ∣∣ xy2x2 y−1x−1 = y−1x2 y2〉
∼= 〈x, y ∣∣ x3 y2x2 y−1x−1 = x2 y−1x−1x3 y2〉.
Hence x3 y2 commutes with x2 y−1x−1. Then we obtain the desired presentation:
π1(M̂n) ∼=
〈
x, y
∣∣ x3 y2 = (x3 y2)3n+3(x2 y−1x−1)n+1〉
∼= 〈x, y ∣∣ (x3 y2)3n+2(x2 y−1x−1)n+1 = 1〉
∼= 〈x, y ∣∣ (x3 y2)3n+2x(xy−1)n+1x−1 = 1〉
∼= 〈x, y ∣∣ (x2 y2x)3n+2(xy−1)n+1 = 1〉. 
Remark 5.2. For n = 0 we get the following presentation:
π1(M̂0) ∼=
〈
x, y
∣∣ (x3 y2)2x2 y−1x−1 = 1〉
∼= 〈x, y ∣∣ x3 y2x3 y2x2 y−1x−1 = 1〉
∼= 〈x, y ∣∣ x2 y2x3 y2x2 y−1 = 1〉
∼= 〈x, y ∣∣ (x3 y2)3 = (xy)2 y〉,
which is the standard two-generator one-relation presentation of the fundamental group for the exterior of the (−2,3,7)-
pretzel knot. Hence it follows from [8, Theorem 1] that K0 is equivalent to the dual knot of the (−2,3,7)-pretzel knot.
Let Mn(r) be the closed 3-manifold obtained by r∗-surgery on Kn .
Lemma 5.3. For every r ∈ Z, π1(Mn(r)) admits the following presentation:
π1
(
Mn(r)
) ∼= 〈x, y ∣∣∣ xy2x2 y−1x−1 y−1x−r y = 1
(x2 y2x)3n+2(xy−1)n+1 = 1
〉
.
Proof. This follows from [23, Proposition 5.1] and Proposition 5.1 above. 
Lemma 5.4. Mn(0) ∼= S3 .
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Proof. It follows from Lemma 5.3 that
π1
(
M ′n(0)
)∼= 〈x, y ∣∣ y = x−2, (x2 y2x)3n+2(xy−1)n+1 = 1〉
∼= 〈x ∣∣ x−3n−2x3n+3 = 1〉
∼= 1.
Since the Poincaré conjecture is true, we see that Mn(0) is homeomorphic to S3. 
Lemma 5.5. Kn is hyperbolic.
Proof. It follows from the sequence {u j}1 j25n+18 that Φ(Kn) = Φ˜25n+18,7n+5(10n + 7) = 2. Hence we see that Kn
(n ∈ Z0) is hyperbolic by [24, Theorem 1.3]. 
By the results above together with Corollary 4.2, we have:
Corollary 5.6. Any (1,1)-splitting of Kn is of distance three.
Let K ′n be the knot obtained from the knot on the boundary of the standard handlebody H in S3 which is illustrated at
the left side of Fig. 5 by n-times Dehn twist along the arrowed loop μ in the ﬁgure. We notice that K ′0 is the (−2,3,7)-
pretzel knot. Then we have:[
K ′n
] = [x1] + (5n + 3)[x2] + 3[y1] + 5[y2],
where {[x1], [x2], [y1], [y2]} is the basis of H1(∂H;Z) illustrated at the right side of Fig. 5. Then we see that (25n + 18)-
surgery on K ′n yields the lens space L(25n + 18,7n + 5). Moreover, it follows from [24, Theorem 6.1] that the dual knot of
K ′n in L(25n + 18,7n + 5) is equivalent to Kn .
In the following, we present some results on manifolds obtained by Dehn surgeries on the knots K ′n ⊂ S3. Let M ′n(r) be
the manifold obtained by r-surgery on K ′n . It is well known that exceptional surgeries on the (−2,3,7)-pretzel knot K ′0
are obtained for slopes ∞, 16, 17, 18, 37/2, 19 and 20 (see for example [7, Example 6]). The manifolds M ′0(16), M ′0(20)
and M ′0(37/2) are toroidal. It was proven by Fintushel–Stern [5] that M ′0(18) ∼= L(18,5) and M ′0(19) ∼= L(19,8). Finally,
M ′0(∞) ∼= S3 and M ′0(17) is the Seifert manifold denoted by the symbol {−1; (Oo,0); (2,1), (3,1), (5,−2)}.
By using the Wirtinger algorithm on a regular projection of the knot K ′n we get:
Proposition 5.7. The fundamental group of the exterior M̂ ′n of K ′n in S3 has the following presentation:
π1
(
M̂ ′n
)∼= 〈a,b ∣∣ a2b3n+2ab3n+2a2b−n−1 = 1〉.
Let M ′n(r) be the closed 3-manifold obtained by r∗-surgery on K ′n . Then we also get:
Observation 5.8. M ′n(1) is a homology 3-sphere of Heegaard genus two encoded by the following presentation of its funda-
mental group:
π1
(
M ′n(1)
)∼= 〈a,b ∣∣∣ a2b3n+2ab3n+2a2b−n−1 = 1
(a2b2n+1)20n+22b2a−1b3n+2 = 1
〉
.
Remark 5.9. Considering known results on exceptional surgeries, for every hyperbolic knot in S3, the exceptional longi-
tudinal slopes would be given by successive integers. This together with Theorem 5.10 below implies that the homology
3-spheres in Observation 5.8 would be hyperbolic. We have veriﬁed by SnapPea program that the homology 3-spheres in
Observation 5.8 are hyperbolic for small values of n.
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(1) M ′n(25n + 17) is the Seifert manifold denoted by the symbol:{−1; (Oo,0); (2,1), (3,1), (7n + 5,−3n − 2)}.
(2) M ′n(25n + 18) is the lens space L(25n + 18,7n + 5).
(3) M ′n(25n + 19) is the Seifert manifold denoted by the symbol:{−1; (Oo,0); (2,−1), (3,−2), (n + 1,1)}.
In particular, M ′0(19) is homeomorphic to the lens space L(19,8).
To prove the above, we use the following result due to Osborne (see [16]).
Lemma 5.11. ([16, Theorem 3.1], [3]) Let M be a 3-manifold such that its fundamental group has the following presentation:
π1(M) ∼=
〈
a,b
∣∣ apbq = 1, (ambq+h)kambh = 1〉,
where |p|, |q| > 1, k 0, and (p,m) = (q,h) = 1. Then M is the Seifert ﬁbered space denoted by the symbol:{−1; (Oo,0); (p,m), (q,−h), (k + 1,k)}.
Proof of Theorem 5.10. (1) The fundamental group of M ′n(25n + 17) has the presentation:
π1
(
M ′n(25n + 17)
)∼= 〈a,b ∣∣∣ a3b7n+5 = 1
ab3n+2a−2b3n+2 = 1
〉
.
Substituting a−2 = ab7n+5 in the second relation, we get the following presentation
π1
(
M ′n(25n + 17)
)∼= 〈a,b ∣∣ a3b7n+5 = 1, ab10n+7ab3n+2 = 1〉,
which is geometric, i.e., it arises from a genus two Heegaard diagram of the considered manifold. Assigning p = 3, q = 7n+5,
m = 1, h = 3n + 2, and k = 1 to Lemma 5.11, we have the desired conclusion (1).
(2) follows from Lemma 5.4.
(3) The fundamental group of M ′n(25n + 19) has the geometric presentation (i.e., it arises from a genus two Heegaard
diagram of the considered manifold):
π1
(
M ′n(25n + 19)
)∼= 〈a,b ∣∣∣ a3(b−1)2 = 1
(a−2(b−1)7)na−2(b−1)5 = 1
〉
.
Assigning p = 3, q = 2, m = −2, h = 5, and k = n to Lemma 5.11, we have the desired conclusion (3). If n = 0, then we see
that M ′n(25n + 19) is the Seifert manifold denoted by the symbol:{−1; (Oo,0); (3,−2), (2,−1), (1,1)}
and hence{−2; (Oo,0); (3,−2), (2,−1)}.
We notice that the Seifert manifold denoted by the symbol:{
b; (Oo,0); (α1, β1), (α2, β2)
}
is precisely the lens space L(ξ,η), where ξ = |bα1α2 +α1β2 +α2β1| and η =mα2 +nβ2 for mα1 −n(bα1 + β1) = 1. Setting
α1 = 2, β1 = −1, α2 = 3, β2 = −2 and b = −2, we have ξ = 19, m = 3, n = −1, and η = 11. Hence we obtain the lens space
L(ξ,η) = L(19,11) ∼= L(19,8). 
5.3. One-parameter families {K 1m} and {K 2m}
In this subsection, we investigate other one-parameter families of (1,1)-knots which are also based on the dual knot
of the (−2,3,7)-pretzel knot. It seems that these families are related to knots discussed in [2] and [6] (particularly, in the
concluding remarks of [2]) but there are no explicit computations in the quoted papers. We ﬁrst prepare the following
notation.
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We ﬁrst consider the one-parameter family of (1,1)-knots
K 1m := K
(L(49m− 18,49);7) (m ∈ Z).
By using [23, Corollary 5.2], we obtain:
Proposition 5.13. The fundamental group of the exterior M̂1m of K
1
m in L(49m − 18,49) has the following presentation:
π1
(
M̂1m
) ∼= 〈x, y ∣∣ (x3 y5m−2)3 = (xy3m−1)2 y2m−1〉.
Proof. As mentioned above, K 10 is the dual knot of the (−2,3,7)-pretzel knot in L(18,5). Hence we assume that m = 0.
Moreover, since the argument in case of m < 0 is similar to that in case of m > 0, we further assume m > 0 for simplicity.
By [23, Corollary 5.2] and induction on m, we get that the fundamental group of M̂1m admits the following presentation:
π1
(
M̂1m
) ∼= 〈b, c ∣∣∣ c3m−2(cb)c8m−4(cb)c11m−5
(cb)c8m−4(cb)c3m−2(cb)c8m−4(cb)c8m−4(cb) = 1
〉
∼= 〈b, c ∣∣ c3m−1bc8m−3bc11m−4bc8m−3bc3m−1bc8m−3bc8m−3b = 1〉.
Setting x = c8m−3b and y = b−1c−1b with the inverse relations b = xy8m−3 and c = xy−1x−1, we get the following presen-
tation for the fundamental group of M̂1n :
π1
(
M̂1m
) ∼= 〈x, y ∣∣ y5m−2x3 y5m−2 = x−2 y3m−1x−2〉
∼= 〈x, y ∣∣ (x3 y5m−2)3 = (xy3m−1)2 y2m−1〉. 
Let M1m(r) (r ∈ Z) be the closed 3-manifold obtained by r∗-surgery on K 1m . We also have the following by arguments
similar to that in Section 5.1.
Lemma 5.14. For every r ∈ Z, π1(M1m(r)) admits the following presentation:
π1
(
M1m(r)
) ∼= 〈x, y ∣∣∣ y5m−2x2 y−(3m−1)(y8m−3x)r = 1
y5m−2x2 y−(3m−1) = x−3 y−(5m−2)x−2
〉
.
Corollary 5.15. The ﬁrst integral homology group of M1m(r) is cyclic of order |r(49m− 18) − 1|. Hence M1m(r) ∼= M1m(r′) if and only if
r = r′ .
We also see that M1m(0) ∼= S3 and each K 1m (m ∈ Z) is hyperbolic. By Corollary 4.2, we see:
Corollary 5.16. Any (1,1)-splitting of K 1m is of distance three.
We next consider the one-parameter family of (1,1)-knots
K 2m := K
(L(49m− 19,49);7) (m ∈ Z).
Then we also have:
Proposition 5.17. The fundamental group of the exterior M̂2m of K
2
m in L(49m − 19,49) has the following presentation:
π1
(
M̂1m
) ∼= 〈x, y ∣∣ (x3 y−3m+1)3 = (xy8m−3)2 y−11m+4〉.
Let M2m(r) be the closed 3-manifold obtained by r
∗-surgery on K 2m . Then we see the following.
Lemma 5.18. For every r ∈ Z, π1(M2m(r)) admits the following presentation:
π1
(
M2m(r)
) ∼= 〈x, y ∣∣∣ y−3m+1x2 y−8m+3(y5m−2x)r = 1
y−3m+1x2 y−8m+3 = x−3 y3m−1x−2
〉
.
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Corollary 5.19. The ﬁrst integral homology group of M2m(r) is cyclic of order |(r − 1)(49m − 19) − 1|. Hence M2m(r) ∼= M2m(r′) if and
only if r = r′ .
We also see that M2m(1) ∼= S3 and each K 2m (m ∈ Z) is hyperbolic. By Corollary 4.2, we also have:
Corollary 5.20. Any (1,1)-splitting of K 2m is of distance three.
Remark 5.21. It follows from Propositions 5.13 and 5.17 that π1(M̂1m) ∼= π1(M̂2m) for every integer m. Hence the exterior of
K 1m is homeomorphic to that of K
2
m . This together with the cyclic surgery theorem [4] implies that a longitudinal surgery
on K 1m yields L(49m − 19,49). By Corollary 5.15, we see that L(49m − 19,49) is obtained by 1∗-surgery on K 1m . Similarly,
it also follows from Corollary 5.19 that L(49m − 18,49) is obtained by 0∗-surgery on K 2m (cf. Fig. 6).
6. Final remarks
Let Kn , K ′n , Mn(r) and M ′n(r) be those in Section 5.1. It follows from Lemma 5.3 that the ﬁrst homology group of Mn(r)
is Z|1+r(5n+3)| . This implies that Mn(r) ∼= Mn(r′) if and only if r = r′ .
Problem 6.1. Classify the topology and geometry of the manifolds Mn(r). For which values of r are they hyperbolic? Repre-
sent Mn(r) as 2-fold branched covering of S3 branched along a link.
Equivalently, we can ask the following:
Problem 6.2. Classify the topology and geometry of the manifolds M ′n(r). For which values of r are they hyperbolic?
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